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Abstract 

We define a “period ring-valued beta function” and give a reciprocity law on its 
special values. The proof is based on some results of Rohrlich and Coleman con¬ 
cerning Fermat curves. We also have the following application. Stark’s conjecture 
implies that the exponential of the derivatives at s = 0 of partial zeta functions 
are algebraic numbers which satisfy a reciprocity law under certain conditions. It 
follows from Euler’s formulas and properties of cyclotomic units when the base field 
is the rational number field. In this paper, we provide an alternative (and partial) 
proof by using the reciprocity law on the period ring-valued beta function. In other 
words, the reciprocity law given in this paper is a refinement of the reciprocity law 
on cyclotomic units. 


1 Introduction 

We first recall the rank 1 abelian Stark conjectnre. Let K/F be an abelian extension 
of nnmber fields with G := GdX{K/F). Let S' be a hnite set of places of F containing 
all inhnite places and all ramifying places. Then the partial zeta function associated to 
S, cr G G is defined by 

C5(s,a):= ^ Va“L 

aCOF,(a,5)=l,(y^)=fT 

Here a runs over all integral ideals of F relatively prime to all primes in S whose image 
under the Artin symbol (■^^) is equal to a. This series converges when Re(s) > 1 and 
has a meromorphic continuation to the whole complex s-plane. 

Conjecture 1 (The rank 1 abelian Stark conjecture). Assume that 

(Asmp) S contains a place v which splits completely in K/F and |S| > 2. 
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We choose a place w of K lying above the splitting place v and put ck to he the number 
of roots of unity contained in K. Then there exists an element e, which is called a Stark 
unit, satisfying the following conditions: 

(Alg) eeK^. 

(Unit) If [S'! > 2, then e is a {v}-unit. Otherwise, we can write S =: and e is an 

S-unit satisfying that \e\wi is a constant for all places w' of K lying above v'. 

(Rec) log = —exCsi^^ a G G. 

(Abel) K /k is an abelian extension. 

We note that (Asmp) implies ^ 5 ( 0 , a) = 0 for all a G G. We consider the case when 
n is a real place in this paper. Automatically we may assume that F is totally real since 
it is known that Conjecture 1 holds true if S contains two places splitting completely in 
K/F. Namely, we assume that 

F is a totally real field and v, w are real places. 

Then we can write the Stark unit explicitly as e = exp(—2(C5(0, cr)) (assuming it exists). 
Here ck = 2 since K is not totally complex and we regard K as a subfield of M by the 
place w. From now on, we focus on two conditions (Alg),(Rec) of Stark’s conjecture when 
v is a real place. These are equivalent to the following (Alg'),(Rec'). 

Conjecture 2 (A part of Stark’s conjecture). Let F be totally real, K its finite abelian 
extension, and G := Ga\{K/F). Assume that K ^ Q and that 

there exists an embedding K ^ M.. 

We regard K as a subfield of M by this embedding. Then we have 

(Alg') := exp(-2C'(0,a)) G Q"" for a eG. 

(Rec') = UFira) for a ^ G, t ^ Gf ■= Gal(Q/F). 

Here taking the minimal Fq := { infinite places } U { ramifying places }, we drop the 
symbol Sq from partial zeta functions ({s, a) := <^)- 

In the case of F = Q, Conjecture[2](and Conjecture 1 also) follow from Euler’s formulas 
and properties of cyclotomic units. We provide a sketch of the proof: When F = Q, the 
case oi K = Q(Cm)’'' := Q(Cm + Cm^) Cm := exp( ^'’')(^ ), 3 < m G N is essential. Any 
element in G = Gal(Q(Cm)’'"/Q) can be expressed as [<j±jl : Cm + Cm^ Cm + Cm'^] with 
0 < a < Y, {a,m) = 1. Then we have 


■UQ((T±iL) 

^ ' m ' 


2ti 


r(^)r(^ 


( 1 ) 
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We can derive the expression CD from the following formulas ([2]): Let ((s,v,z) : = 
be the Hurwitz zeta function (z,v > 0). Then we have 


C(s, ) = C(s, m, a) + ((s,m,m-a), 

((0,m,a) = i , 

2 m 

exp(C'(0,m,a)) = 

Furthermore, we see that 

= (2sin(^7r))^ = 2 - (C“ + C“) 


( 2 ) 


(3) 


by using Euler’s formulas: 


rwr(i-j) 


71 

sin(7r2;) ’ 


(4) 


sin( 2 :) 


exp( 2 ;\/^) — exp(— 2 ;-/^) 

V^T 


(5) 


Then Conjecture [2] in the case of F = Q, iC = Q(Cm)^ follows immediately from (1^ . 

For any totally real held F, Shintani expressed the special values C(0w) and the 
derivative values C^(0, cr) in terms of Bernoulli polynomials and Barnes’ multiple gamma 
functions, with some correction terms. Shintani’s formulas are generalizations of formulas 
([2]). (For detail, see |Shin] or |Yol Theorem 3.3, Chapter II].) On the other hand, we do not 
have any generalization of Euler’s formulas (11D,([5]) nor cyclotomic units for general totally 
real helds. Therefore the author believes that it is worthwhile to provide an alternative 
proof for Conjecture [2] even in the known case F = Q. In fact, we obtain a weaker result 
f Corollaries [TO in j|7]) 


UQ{a) e Q {a e Gal(Q(Cm)’^/Q)), 

r(MQ(cr)) = MQ(ra) mod /ioo (cr G Gal(Q(Cm)'^/Q), r G Gal(Q/Q)) 


without Euler’s formulas (11]),(I5]) nor cyclotomic units. Here we denote by /ioo the group 
of roots of unity. 

The outline of this paper is structured as follows. We hnd that we can write a Stark 
unit over Q in terms of a product of special values of the beta function in j|2l Therefore 
we can reduce the problem to an algebraicity property and a reciprocity law on such 
products. In l|3l we introduce a result of Rohrlich. It relates special values of the beta 
function to periods of Fermat curves. Besides, we need some p-adic argument: We dehne 
a modihed p-adic gamma function on Qp in jlH Then we introduce a result of Coleman 
which expresses the absolute Frobenius action on the Fermat curves in l|5l In particular, 
we rewrite it in terms of our p-adic gamma function. We note that when the Fermat curve 
has a bad reduction, the expression in Theorem [I]-(ii) becomes simpler than Coleman’s 
original formula |Col Theorem 3.13], although the root of unity ambiguity occurs. In 
jini we dehne p-adic periods of Fermat curves and study their basic properties. We will 
state the main results in ]|71 We dehne a “period ring-valued beta function” and provide 
a reciprocity law on its special values (Theorem [3]). Moreover we derive (j6]) from this 
reciprocity law. 
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Remark 1. We will provide not only an alternative proof hut also a refinement. By 
Stark’s conjecture in the case of F = Q, v = oo implies the following reciprocity law on 
special values of the sine function: 

r(sin(^ 7 r)) = ±sin(r(^) 7 r) (r G Gal(Q/Q)). (7) 

Here we define the action of Gal(Q/Q) on Q fl (0,1] by identifying the set of roots of 
unity /ioo and Q fl (0,1], Cm ^ m- main result (Theorem\^ is a refinement of this 
reciprocity law 0 , from the sine function to “the period ring-valued beta function”. 

Remark 2. The proof of our main results is based on some formulas by Rohrlich and 
Coleman. Hiroyuki Yoshida formulated a conjecture fYol Conjecture 3.9, Chapter III] 
which is a generalization of Rohrlich’s formula, from the rational number field to gen¬ 
eral totally real fields. Yoshida and the author also conjectured its p-adic analogue in 
IKY1] . \KY0] . which is a generalization of Coleman’s formula. These conjectures are one 
of the motivation of providing an alternative proof of Stark’s conjecture in the case of 
F = Q by using Rohrlich’s formula and Coleman’s formula. 


2 The gamma function in terms of the beta function 


The beta function B{a,/3) is defined by 

B{a,(3):= ( F~^{l—tY~^dt 

Jo 

for 0 < a, /5 G M and can be written in terms of the gamma function: 


B{a,fi) 


r(«)r(/j) 

T{a + fi)' 


Gonversely, we can write special values r(Q;) at rational numbers a G Q in terms of those 
of the beta function by virtue of the functional equation r( 2 ; + 1) = zT{z). For example, 
to obtain r(|), we compute the product 


B 


1 1 ' 
‘3’ 3> 




3 ’ 3 > 


r(i)^r(i) 2 r(|)r(|) 
r (|)2 r(|) 


For later use, we give an explicit formula of the product F(a)F(l — a) for a G Q fl (0,1) 
in terms of the beta function. 


Lemma 1. We write a G Qfl (0,1) as a = ^ with a,m eN, (a, m) = 1, 0 < a < m. We 
take t,mo so that m = 2*mo, (2, mo) = 1. When ^ ^ 1, we take the smallest fmo G N 
satisfying = 1 mod mo- Then we have 




t 

I 1 r I 2^~^mo—a p / a a N p/ 2^mo—a 2^mo—a 

X X y 2^~^rno ' 2*^mo ’ 2FrnT' 1 2*mo ’ 2^mo 

k=l 


2 fc-l( 2 /mo _ 1 ) 


/mQ -1 

mp—2^+^a P/' 2^a 2’'a\ p/ mp—2^a mp—2^ffl 
mp ' mp ’ mp ' ' mp ’ mp 

1=0 



2 /mQ-l-i 
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When — = 1 (i.e., a = — = ), we have 

mo ^ ^ ra 2^^ 


(r(^)r( 




k=2 


2 *=-! 
2 '= ’ 



Proof. We put 7(a) := r(a)r(l 
we have /3(a) = ^ if a 
2/m ^ I niod m. Then we obtain 


— a), /3(a) := (1 — 2a)i3(a, a)B{l — a, 1 — a). Then 
First we assume that 2 f m. We take G N so that 


fm ~ 1 




2'a\2^m-l-* 


7( 


m ' 


7( 


2a\2-^m-l 
m ' 


/2a'v2/m-l / 4a'v2/m-2 

' V m. / ' V m. / 


«=o 


/ 2-f^a \ ^ Vm/ 

H m / 


since 7( —) mod {±1} depends only on a mod m by V{z + 1) = zV{z). Next, assume that 
2 I a and write m = 2*mo with (2, mo) = 1- Then we have 




' ' 2mo ' ' 4mn 


g ^4 
4mo ' 


7( 


n 2* 


2*mo ' 


k=l 


7(^) 7(^)'■ ■ ■ 7(2^^) 


2‘ 


- = 7(^)' 


' 2mo 


^mo ^ 


if — ^ 1. Combining these, we obtain the hrst formula. The case of — = 1 follows from 
a similar but simpler argument. □ 


3 Periods of Fermat curves 


Let Fra be the mth Fermat curve defined by the affine equation = 1 (3 < m G N). 

We consider differentials of the second kind 7 j_ j_ := x^~^y^~'^dx (0 < i, j < m, i + j 7^ 

m ’ m 

m). The following fact is well-known ( |Grl Theorem in Appendix by Rohrlich]). For all 
7 G L/'i(Fm(C),Q), we have 

f y± ± 

m ’ m ^ ffTi/'/' (8^ 


5(-,^) 

^TTi^ m' 


Moreover we can take 70 G iLi(Fm(C),' 
that 


(70 = m7m with 7,, 


m 


ry, =5(A i). 
' — ,7- ' m ' m '' 


H Proposition 4.9]) so 

(9) 


'70 


4 ^-adic gamma functions 

We prepare p-adic analogues of the gamma function. Morita [Mo] constructed the p- 
adic gamma function Fpi Zp —)■ Z^, which is continuous and characterized by Fp(?T,) = 
( — 1)" nA:=l, {p,k)=l ^ for n G N. We note that the p-adic counterpart of the formula (jl]) is 
“degenerate”: 

Fp(2:)Fp(l - z) = ±1. (10) 

For the proof, see [GKl Lemma 2.3]. 
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We define Fp on Qp — Zp as follows. For simplicity, assnme that p is odd. We denote 
Iwasawa’s p-adic log fnnction by logp. We define the p-adic exponential fnnction expp(z) 
on pZp by the nsnal power series order to dehne expp(z) for z G Qp, we 

choose valnes expp(^) G (9^ = { 2 ; G Qp | \z\p = 1} for 0 < e G Z so that 

(expp(^)) = expp(^). (11) 

For any 2 ; G Qp, we can write z = ^ + Zq with n, e G Z, 0 < e, 0 < n < p®+^, Zq G pZp. 
Then we dehne 

expp(^ + ^o) := expp(^)’"expp(zo). 

We write z' = ^ + Zq similarly for z' G Qp with |z — z'\p < |p|p. Then we have ^ 
Therefore expp(z) is well-dehned and continnous on 2 : G Qp. Moreover it satishes 


expp(2;i + Z 2 ) = expp(2;i) expp(^2) {zi, Z 2 G Qp), 

exPp(logp(2;)) = z* (^eQpQ. 

Here z* = zu}{zp~°'^'^p^ is dehned by the nsnal decomposition: 

Qp = Pp-i X p^ X (1+pZp), 


( 12 ) 


with pp_i the set of (p — l)st roots of nnity, u the Teichmiiller character. We shall give 
a proof of flT^ : Write Zi = p- + Zi^o (z = 1, 2) in a manner similar to the above. We may 
assnme that ei < 62 . Then we have 

{ / x 711^=2-=1+^2 

(expp(^)) expp(zi,o + Z2,o) ipr + ^ < P) 

/ \ nip'= 2 -=l+n 2 -p® 2 +l 

(expp(^)j expp(p + xi,o + X2,o) (^ + ^ > p) 

by dehnition. Since expp on pZp is a gronp homomorphism by a property of the power 
series YPP=op\-i eqnality of flT2l) follows from ffTTll . The latter eqnality follows 

from the fact that logp 2 ; = logp x* and expp o logp is the identity map on 1 + pZp. 

Remark 3. “The root of unity ambiguity” occurs when we choose expp(^). 

Lemma 2. There exists a continuous function Fpi Qp — Zp —)■ O^- satisfying 


Tp{z-\r 1) — z*Tp{z)^ Fp(2^) — 2^^ 2 rp(z)Fp(x + |) (xGQp —Zp). (13) 

Here we put 2^^“^ := expp((2z — p) logp 2). Moreover, such a function Fp is unigue up to 
multiplication by a root of unity. Strictly speaking, if continuous functions Fp, F^ satisfy 
m, then for all z G Qp — Zp we have Tp{z) = Fp( 2 :) mod Poo- 
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Proof. In [Kalj . the p-adic logarithmic gamma function Lrp_i(a, (ai)) (a G Qp, oi G ) 
is dehned as the derivative value at s = 0 of the p-adic Hurwitz zeta function Cp,i('S, (ai), a) 
f |Kall (5.10)]). We omit the precise dehnition but we write Lrp^i(a, (oi)) in the form of 
|Kal[ (5.12)]. We introduce some notations and dehnitions: For a function f{X): Zp —>■ 
Qp, we dehne 


MfiX)) : = 



if it converges in Qp. We easily see that 


JxiiaX + br) = a"5„(^) (0 < n G Z, a G Q; , 6 G Qp), 


where Bn{x) it the nth Bernoulli polynomial ( |Kall Lemma 5.1]). For a G Z^, 0 7 ^ oi G 
pZp, we dehne the function fa,ai (W): Zp —)■ Qp by 


h.„(X) ■= _hdL±d(i _ logp(a,.Y + a)) 

ai ^ 

^ P . .)«(-!)-)) , 

We put 


LFp,i(a,(ai)) := Jx(/a,ai(X)) 


= -Bi{ 




k\ 


k=l 






k-l 


(14) 


We see that for c e 

LFp,i(ca, (cai)) = LFp,i(a, (ai)) + Bi{-^) log^c (15) 

since fca,caiiX) = logpc + fa,aiiX). The equation |Kall (5.12)] (in the case of 

r = 1) is stated only when |a — l|p < 1, but it is also valid for all a G Z^ since we have 
LFp^i(a, (oi)) = LFp^i(a;(a)“^a, (a;(a)“^ai)) by ([15]). So the dehnition flTTD of LFp^i in 
this paper is consistent with that in |Kal] . The function LFp^i(a, (ai)) is continuous on 
a G Zp , oi G pZp by [Kail Lemma 5.4-1]. 

Now we dehne the p-adic F function on Qp — Zp. For 2 ; G Z^, e G N, we put 

Fp(^) := expp(LFp,i(2;, (pQ)). (16) 

It is continuous since so are expp, LFp^i. One can derive the desired properties from the 
expression flTTl) and some properties of Bernoulli polynomials. Indeed, the well-known 
formulas 


m—1 

Bn{x + 1 ) = Bn{x) + nx'^~^, Bnjmx) = Bnjx + ^) (m G N) 

k=0 
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imply that for a G , ai G pZp, we have 


LTp^i{a + ai, (ai)) - -hrp,i(a, (ai)) 

OO / ^ CO 

= -1 - ^ —^{uj{a)~^a - 1)^ - (-a;(a)"^a) ^(1 - uj{a)~^a)^~^ = logp(a), 

k=l k=l 

m—1 

LTp^i{ma, (ai)) = E LTp^i{ma + kai, (mai)) (m G M, {p,m) = l). 

k=0 


( 17 ) 


By flTHll and flTTj) . we have for 2 ; G , e, m G N with (p, m) = 1 

Lrp,i(^ + p^(p^)) = logp2; + Lrp,i(2;, (p^^)), (18) 

m—1 

Lr,_,(mz,(p‘)) = E ((F + S-5)'°Spm + in,i(z + ^,(p'))), (19) 

k=0 


Then the assertions flT^ follow from flT^ . flT6|) . ffT8|) and flT^ in case of m = 2. In order to 
prove the nniqueness of Tp np to poo, it suffices to show that logp of Tp is unique, since the 
kernel of logp is generated by poo and rational powers of p. (Note that we assumed that Tp 
takes values in To do this, let /i, /2 be continuous functions on Qp — Zp satisfying 

fi{z + l) = \ogpZ+fi{z), fi{2z) = \ogp{2‘^^-^) + fi{z) + fi{z+l). Then h{z) := fi{z)-f 2 {z) 
satisfies h{z + 1) = h{z), h{2z) = h{z) + h{z + |). Since h is continuous, h{z + 1) = h{z) 
means that h{z + a) = h{z) for all a G Zp. Hence h{2z) = h{z) + h{z + |) = 2h{z). 
Write z = p with zo E 'Zp , e ^ N. Since (2,p) = 1, there exists /, m G N satisfying 
2-^ = 1+ mp®. Then we get 2^h{z) = h{2^z) = h{z + mp^z) = h{z + mzo) = h{z). 
Therefore we obtain fi{z) — f 2 {z) = h{z) = 0 as desired. □ 

Definition 1. WefixTp onQp — Zp satisfying / fl^) and define thep-adic gamma function 
Tp on Qp by gathering our Tp on Qp — Zp and Morita’s Tp on Zp. We define two kinds of 
p-adic beta functions H(*, *), i?(*, *): Q x Q —)■ by 


r»n(/i) n({a))r,((/?)) 

n(a+/?)’ r,({a+m ■ 

Here we denote the fractional part G (0, 1] of a E Q by {a). 

Remark 4. The functional eguations are p-adic analogues of classical formulas 


222-^ 

r(z + l) = zr(z), T{2z) =-=T(z)nz + \). (20) 

yj L'K 

We note that Artin \Arl\ \Ar^ showed that the classical gamma function is also charac¬ 
terized by functional eguations and some conditions. 












Remark 5. By / fTPI) . we also obtain the multiplication formula for m G N with {p,m) = 1. 
Namely, for z G Qp — Zp we have 

m—1 

Tp{mz) = JJ m^+^-^Tp{z + 

k=0 

k 1 7 1 

with ;= expp(( 2 : + ^ — 2 ) logp^)- need some adjustments for m with p \ m. 

In particular, one can show that for z G Qp 


p-i 

rp(p^) = +p) 

k=0 

p-1 

^p{pz) = U rp(z + mod /ioo {pz G Zp). 

k=0, pz-\-k^'Lp 

Note that the latter formula gives a relation between Morita’s Fp on %p and our Fp 
on Qp — Zp. We provide a brief sketch of the proof: When pz ^ Zp, we can write 
z = ^ with zo G Zf,e > 2. Then Tp{pz) = expp{LTp^i{zo, (p^-^))), Tp{z + = 

expp(LFp^i(2:o + kp^~^, {p^))). Therefore we only need the formula LVp^i{zQ,{p^~^)) = 
^^“pLFp 1 ( 2:0 + kp^~^, {p^))- It follows form [Yff ) similarly to the proof of TT9j . When 
pz G Zp, it follows from lKal[ Lemma 5.5] since LFp^i(a, (1)) (a G Zpj in IKal] was 
defined as LFp,i(a + k, (p)). 

Coleman |Coj also generalized Morita’s Fp to a continnous fnnction on Qp. We denote 
it by Fcoi in this paper. It is characterized by the following conditions ( |Co| the sentence 
containing the eqnation (2.2)]): 

Fcoi(^ + 1) = ^TcoK^;) ( 2 ; G Qp - Zp), 

Fcoi( 2:) = 1 (z G Z[i] n [0,1)). 

For later use, we compare Coleman’s Fcoi and our Fp. For .2 G Qp —Zp, we write 2: = 2:p + 2:o 
with Zp G Z[i] n (0,1), 2:0 G Zp. Then we have for each [j = p, col 


n—1 

rtt(^) = Ftt(zp + 2 :o)= lim Ftt( 2 p + n) = Fj(zp) lim Y[{zp +1)*. 

NBn^zn NBri^zn-^-^ 

1=0 


Hence by FcoK^^p) = 1, we have 

Fp( 2 ;) = Fcoi(^)Fp( 2 :p) ( 2 : G Qp - Zp). (21) 

5 The Frobenius matrices of Fermat curves 

In this section, we recall Coleman’s results in [Co]. In ESI, the semi-linear action pcUs of 
the (crystalline) Weil group on the de Rham cohomology of a curve with arboreal reduction 
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is introduced. We express this action on Fermat curves in terms of the comparison of 
some cohomologies for later use. Let Q™ be the maximal unramihed extension of Qp and 
Wp C Gal(Qp/Qp) the Weil group. Then for all r G PFp, there exists n G Z such that 
tIqui is the nth power of the Frobenius automorphism. We put degr := n. 

Let Jm be the Jacobian variety of the mth Fermat curve Fm- Even if dose not 
have good reduction at p (i.e., the case of p \ m), Jm has potentially good reduction since 
it has CM. Hence there exist a hnite extension held K of Qp and a smooth model Jm over 
Ok with the canonical isomorphism 

HdR(-^m5 Q) ®(Q K = HCg(j7m '^Ok Wk) ®Wk (22) 


Here we denote by Ok, and Wk the ring of integers, its residue held and the Witt ring 
over Fx respectively. We may assume K is normal over Qp. We denote by $cris the action 
of the absolute Frobenius on HCg(j7m '^Ok Fr:, Wk)- Then for r G Wp we may consider 
the action 0 r on the right hand side of ([22]). We denote by the corresponding 

action on Q) 0(Q K. Our is equal to Pcris('r) in [Coj . Therefore it is also equal 

to <F*(r) in |Co] on Hjj^(Fm,Q). We need a few more notations in [Coj : Let i,j,m G N 
with 0<iO <m,i+j ^m. We put := (^) + (^) - + ^). That is 



{i + j < m) 


— 


[z + j > m) 

The element Vm,r,s ^ H)jj^(Fm,Q) in |Coj is the class of 


^[ , ) = 
V m ' m / 


0 {i + j < m) 
1 {i + j > m) 


mi— + 

' m m / 




hi i = 


mp± ± 

m ’ m 

{i + j - m)p± ± 


{i + i < m) 
{i + i > m) 


(23) 


for i, j with 'f = s = Coleman calculated ‘h*(r)(nm,r,s) explicitly in |Co] as follows. 
We recall that we dehne the action of Cal(Qp/Qp) on Qfl (0,1] by identifying Qfl (0,1] = 

Poo, ^ 'tG CJ 

Theorem 1 f |Col Theorems 1.7, 3.13]). By abuse of notation, we write p± ± for its class 

m ’ m 

in Q) (t) < i,i < m, i + j ^ m). Then for r G Wp we can write 

$r(hii) =7(F^,^)W(i),.(i) 

m'm ^ m ' ^ ^ m ' 

with 7 (r, ^) G Qp. Moreover the values 7 (r, ^) satisfy the following conditions. 

(i) Assume that {p,m) = 1. Then we have for r G Wp with degr = 1 


'yl'f i i) = 

1 m.1 m! 


Bp{T{A) r{^)) 


(ii) Assume that p > 2, p \ m, {p,ij{i + j)) = 1. Then we have for r G Wp with 
deg r = 1 


7(r, —, 2 -) = p2 

'V ^ mO mJ ^ 


F\m^ m2 


BM^)Mi)) 


mod Pc 
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Proof. Our is Coleman’s ^f ” /^r(r(^),r(^)) by (i^), lyo 


'mm' 

Proposition 1.4], Therefore the former assertion follows from |Col Theorem 1.7] immedi¬ 
ately. In the latter case, |Col Proposition 3.12, Theorem 3.13] state 




(j. + 

' m m,' 




mod /Xc 


(24) 


(--‘(i) + + i))U((^ + i)) 

The notations are as follows: Coleman dehned functions Vt-, Pt satisfying 


Dt{z) = JJ(A^((^/2*’)p)^7rT mod Poo, 
k=l 


Ar{z) 

TAz) 


(2“"" b(2z)p)T+(22)p 





rcoi(^p T 

T-AZp) + 


(_l)(2z)p 
2 

(l)’'“^((22)p) 


2 





rcoi(r H^)) 
PcoK^) 


for G n (0,1) with ordp^; < 0 ( |Col pl79, pl82]). Here / is the order of 2 in 
(fLp/z~^'LpA I Az) '■= A and Zp is the unique element in Z[-] fl (0,1] satisfying 2 ; = 

Zp mod Zp. We dehne x™ with x G Qp, r G Z[lTp],m G N as (x™)^ by taking an mth root 
x^ G Qp of X. In order to dehne (—1)^^, we regard Zp as its image under the composite 
map Z[i] C Z 2 —>■ Z 2 / 2 Z 2 = {0,1}. We put 


D{z) ;= Jj24((^/2^)p)^ mod poo, 

k=l 

A(z) := 2^‘^^'>pTcoi{zp + mod Poo- 

Then by fl2TD we have 


A{z) = 2^^^)^ 


TpAp T 


^p{Zp) 


(_l)(22)p ^ 

^ — mod Poo- 


Since rp(2(2;p)) = 22pp) 2rp(2;p)rp(2;p 1) by ([I3]), we get 

2( 7 pi^P - -9- A pAiZpA 

A(z) = 22+(2dp-2Cp) p^p 2 J py y v)) 

Tp{zpfTp{zp + \) 

If 2 {zp) = ( 2 z)p then (-l)(2dp = 1 so we have 


A(z) = 22 


rp((2z)p) 

^pAp)^ 


mod Pc 


(25) 
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If 2{zp) = {2z)p + 1 then (-l)(2^)p = -1 so we get 


Aiz) = Drp((2^)p + 1) 

Tp{zpfTp{zp + \) 

Hence the formula fl2^ is also valid in this case since Tp{{2z)p + 1) = {{2z)p)*Tp{{2z)p) = 
{2{zp) - l)*rp(( 22 ;)p), Tp{zp + |) = {zp - l)*Tp{zp - |). By (El]) , ([25]) and {z/2f)p = Zp, 
we see that 

Diz) ^ 1^2- ^ ■ .^2- ^ ^ 


. rp((z/2),)2 

2^ 2^rcoi(^) 






^p{zp) ^p{^) 


mod yUoo- 


T-P 1 


We easily see that Dr{z) = d{!!-^(z)) > ^pd) = ^ TO)’ (-p)^^ = P i^z)' = 1, 

k{zY ^h)T -2 = P— ! Y mod Poo- Therefore we can write 


T ^{z)ordpZ -p 

Dr{z)TYz) = P" - ^~tJz^ 

By substituting this into fl2Tl) . we get the desired result 

.-WM Tp{^ + i) 


7(Br (^),r {i))=P^^ 


^Piil) r,(^) Tp{r-Yi,) + r-Yi)) 


mod Pc 


since ordp — = ordp = ordp {— + -^), rp(— + "^) = ((— + "^)*)*^*''"’™^rp((— + -^)) = 

Pm Pm P \m m' ' P^m m' ^ ^ m m > •' P^^m m' ' 

J_ A. 


((A _L Lw 
J^ + ±\ pAm m/r 




□ 


6 p-adic periods of Fermat curves 

We rewrite Theorem [1] by using p-adic periods of Fermat curves. Let Hcris, BdR be the 
p-adic period rings introduced by Fontaine. We may consider Qp, Bens are subrings of 
BdR. Then for any subheld K of Qp, the composite ring BensK C BdR is well-dehned. 
We denote by <l)cris the action of the absolute Frobenius on Bens and dehne actions 
(r G IFp) on the ring BensK by 

Kx Kfr 0 T. (26) 

Let K, J7m be as in fl2^ : iF is a hnite normal extension of Qp, J7m is a smooth model 
over Ok of the Jacobian variety Jm of FQ. For simplicity, we hx embeddings Q C, 
Q ^ Qp- The following results are well-known. 

• There exists a canonical isomorphism between the singular cohomology group and 
the p-adic etale cohomology group: 

Hb(B„j(C), Q) (8)q Qp = Xq Q, Qp). (27) 
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• There exists a canonical isomorphism between the p-adic etale cohomology group 
and the de Rham cohomology group: 

XQ Q; Qp) B„\sK = K) ®K BcrisK, (28) 

which is compatible with the action of the Weil group Wp. The element r G Wp 
acts on the left hand side by 1 ® $ 7 -, on the right hand side by *hcris"^ ® R follows 
from the canonical isomorphism 

XOk QjQp) ®Qp -Scris — HRg(j7m ¥k, Wk) ®Wk -^cris 

1 0 *hCTis -fG *h(;ris ® *hCTis 

by identifyin^^R(F„ 7 , K) = ¥k, Wr) ®Wk K, Q, Qp) = 

Hp,et(-^m Xq Q,Qp)- We note that the isomorphism (128|1 is a restriction of the 
following canonical isomorphism 

Rp,et(-^m Xq Q, Qp) -BdR — HdR(-^m) Q) -^dR- (29) 

• The singular cohomology group is the dual of singular homology group. Namely, we 
have the non-degenerate pairing: 

H,(F^(C),Q) X H^B(Bm(C),Q) ^ Q. (30) 


Combining ([27]), (l28|) and (l30|) . we get a period ring valued pairing 

Hl(Fm(C),Q) X HdR(Fm,Q) i^crisTT- (31) 

We denote by the image of ( 7 ,^) under the map (El]). This is a p-adic counterpart 
of the usual period Hl(F„^(C),Q) x H^j^(Fm,Q) -)■ C. 

Theorem 2. Let p be a prime, i,j,m integers satisfying 0 < i,j < m, i + j ^ m. 

(i) Assume that {p,m) = 1 . Then we have 




ri±± = 


(phi)) i_£((piTi),(EiT2 

- J_ I m m '' T) m m 


. m ’ m 

'p<'f ' \k=i 


X 


n Bp{^,^) 

B \ m ^ m ' 

(t(B) -)- 


» 


(- + -) 
' m m' 

/or 7 G Hi(Fm(C),Q), r G Wp with degr > 0. 


j-\eWW) 


'' m, ' ’ ' m, ■' 


'pa 


(ii) Assume that p > 2, p\ m, {p,ij{i +/)) = 1- Then we have 

'fp,yV±.^ 

w m ' m 


$7 


B. 


P^m'’ m 




= P " 77 . . ^ -TTTT Pc 




/or7GHi(F7n(C),Q), rGWp. 

Proof. Since the isomorphism fl28l) is compatible with the action of Wp and Wp acts 
trivially on H^(F„ 7 (C), Q)®qQp = 11 ^ 4 (^ 77 , XqQ, Qp), the assertion follows from Theorem 

[1] immediately. (Note that t(^) = ^ in the former case, and that r(rp(^)) = 

rp(^) mod Poo since Tp{^y^ G Qp for large enough N in the latter case.) □ 
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7 A reciprocity law on a BcrisQp-valued beta function 


We will formulate a “reciprocity law on a period ring-valued beta function” which is a 
rehnement of ([7]). We hrst define i?crisQp-valued beta function by 



\m-’ m! (i 3_YiT^ 

C ^ ' m m / 

' m 

m) 



m 


((p,m) = 1), 

(p > 2, p I m, (p,ij(i + j)) 


1 )- 


for G M with i,j<m, i+j^m and 7 G Hi(Fm(C),Q) with J 7 a j. 7^ 0. 

Lemma 3. The value 23(^7, G -BcnsQp does not depend on the choice ofm, 7 whenever 

7a i 7^ 0. 

m ’ m 

Proof. Put Gm '■= 'Llm'L^'Ljm'L. Then i7i(Fm(C),Q) is the rank one Q[Gm]-Kiodule in 
the sense of |Otl Proposition 4.9, (i)]. Let 7^ € Hi(Fm(C),Q) be the generator. Then we 
can write any element in Hi(Fm(C),Q) as 77^ with p G Q[Gm]- Hence the dependences 
of / 7± i.) / 7 j. i on 7 are canceled out since p± ± is a simultaneous eigenvector 

for any g G Gm- In order to see the dependence on m, we consider the canonical map 
/: Fnm —t Fm, {x,y) I—)■ {x^,y"‘) (2 < n G N). Then we have f*g± a = npni_ ja, so the 

m ’ m nm ’ nm _ 

assertion follows. □ 


7 


By ([9]), we can take 70 so that = J^^p±±. Then we have = 


dn.yn ^A 7 


(—+ r -q ^ (resp. , 

'"1 ■^P’'rO 'm-m ^ ^ i) 

|2] implies the following reciprocity law on our beta function 


) if (p, m) = 1 (resp. p | m). Therefore Theorem 


Theorem 3. Let p be a prime, i,j,m integers satisfying 0<i,j<m,i + j^m, and 
reWp. 

(i) Assume that {p,m) = 1, degr > 0. Then we have 


^ deg T 




- 1 ) 






, k=l 


B Fl) 

-p ' m ’ m ' 


Q3(r(^),r(i)). 

7 vm/’ ^m'' 


(ii) Assume that p > 2, p \ m, {p,ij{i + j)) = 1- Then we have 

Poo- 

We prove the key formula fl3^ which states that the product 23(^, y23(^y, of 
our beta function is essentially equal to the product B(—, —of the classical 
beta function. To do this, we prepare some Lemmas. 

Lemma 4. (i) Assume that {p,rn) = 1. Then we have 

Bp{^,^)Bp{^,^) = ±1. 

p \ra^ m' p \ m ’ m ' 
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(ii) Assume p > 2, p \ m, {p,ij{i + j)) = 1- Then we have 


mod /ioo. 


Proof. The first assertion follows from (ITOll . In the case of —, 


I 3 


— Tip, we have 


Bp{ 


i 

m ’ 


m' P^ m ^ m ' 


r„(^)r„(^)r„(^)r„(^) ^ 

V'.m' P'.m' V'. m ' V'. m ' / m 

V ('iti.'ir (\ ^m-i-j 

^ py m p p\ m ) 


by (lT3ll . Therefore it suffices to show that rp(a)rp(l — a) = 1 mod for a E Qp — Zp, 
which is a generalization of (fTOj) . It reduces to the formula 


Lrp(a, (ai)) + Trp(ai - a, (oi)) = 0 

for a G Zp , Oi G pZp by (1T6|) . This formula follows from a property of Bernoulli polyno¬ 
mials: Bn{l — x) = {—T)"‘Bn{x) (0 < n G Z). In fact, by (fTT|) we can write 


Lrp^i(a, (fli)) -l- Trp(ai — a, (ui)) 

CXD / .- k j , 

- ^ iKk _ /p®! + ('^(“1 ~ a))~^Bi+i{l 

k=l 1=0 T )■ 


ai 3 




Since u{ai — a) = —u{a), we have u{a) -f (a;(ai — a)) — ^) = 0. Then 

the assertion is clear. □ 


Lemma 5. The ratio 


L 


Pj_ J_ fp,jo ^ m — i m—i 

m.’m, ^ 7TJ, ’ m. 


J71 

m ’ m 


j_ fj2 Pr. 


does not depend on 7i,72,z,j, m whenever 


L 7 ^ m — i m — j 7^ 0. To be precise, there exists a constant {27ii)p G B^^, which is a 

"^1 m ’ m "^2 fji ? jji 

p-adic counterpart of2ni, satisfying 



m—j 

m 


27ii 




{27ii)p 


G Q 


for all i,j,m with 0<i,j<m, i+jy^m and for all 71,72 G Hi(Fm(C),Q). Here we 
define (27ri)p as follows. Taking the projective line (= Fi ■. x + y = 1) and the basis 
Cb G H2(P^Q), Cdr G II^p^(P\Q), we put 


(2vri)p 


(27^^) /p,,^ Cdr 

Icb 


where J: H2(P^Q) x II^f^(P\Q) C, H2(P^Q) x II^r(P\Q) B^is are given 
similarly to l[3l\) . In particular, we see that (27ri)p G i?cris and that $cris((27rz)p) = p{27ii)p 
since HFfF^ xq Q,Qp) = Xq Q,Qp) = the Lefschetz motive Qp(-l). 


15 















Proof. Let 71,72 G Hi(Fm(C),Q) satisfy / t]± j_,f 7 ^ m — i m—j 7^ 0 . First we note that 

"^1 m ’ m "^2 iji ? Yn 

we can write via the de Rham isomorphism 

H^(Fm(C), Q(Cm)) «)Q(C™) C = Q) Oq C 

7i <8) f i_ GG 7 j_ i_ 0 1 

' 1 m ’ m m ’ m 

with an element 7]' G H3(Fm(C), Q(Cm))- (By the complex multiplication, we can take a 
tentative element so that yj' 0 c -H- 7 j_ i_ 0 1 with c G C^. Then we normalize it as 

^ m’’ m 

, by using the paring (71,71) of ( 130 | 1 .) We take y, in the same manner. Since the de 
Rham isomorphism is a ring isomorphism under cup products, we have 

H5(Rm(C), Q(Cm)) ®Q(Cm) Q) <8)Q C 

( 7 l kJ 72) 0 (/ T]±_ j_ J rj m-i m-j ) -H- {r]± ± U m-j ) 0 1. 

m '' m m’’ m m ’’ m 

Similarly we have 

Bs(-Fm(C), Q(Cm)) ®Q(Cm) -BdR — (F^, Q) ®Q -^dR 

(dl kJ 72 ) 0 (/ 7J_ j_ / I^) GG (?7 j_ i_ kl 2 ^) 0 1 , 

m ^ m m’m m ^ m m’m 

since (EB, (EB are also ring isomorphisms. We note that dimQ Hjj^(Fki, Q) = 1 and that 
the canonical map im- Fm —>■ -^1, {x,y) i-G- (x”^,?/™) induces isomorphisms H^(P^,Q) = 
H*(Fm, Q) (* = B, dR). Hence it suffices to show that the cup product ri± j_ 7^ 

m’’ m m ^ m 

0 . In the following of this proof, we compute ri± ± U rj m — i m—j directly by using Cech 

m’’ m m ’’ m 

cohomology. We take the covering u’(^\ of the projective Fermat curve '■ W™ + 
= 0™ so that they corresponds to Z 7^ 0 , R 7^ 0 respectively. Namely, (resp. 

f/2”^^) is the affine curve dehned by x"* + |/™' = 1 with x = X/Z, y = Y/Z (resp. x'™ + 1 = 
0 ™ with x' = X/Y, z' = ZjY). Then we can write 

{(uii.uij,/) IU). e n‘(k’”’)./ e nc/yyuii -U )2 = df} 


HV(f„,Q) = 


h3eX™.Q) = 


{{dh.dh.h-h)\h>^a«(ut^)] 


fi‘(d”’nc/D 


(m)^ 


{cdi -u 2 -df\uj,e f G n ut^)y 

{ui,U2, f) U (cuj, a;2, f') = 


V± ± = 


■ (x^-^yj-^dx, x'^-^z'^-^-F^dz', 0) 

(x^-^yj-m^x, --y—PyF^) 

k ^ ’ 2+7—m ^ G 


i+j'—m*' 


if i + j < m, 
if i + j > m. 


X 'ifl\ m{i+j—m) 1 —x 


Therefore we get for z, j with i + j < m 

i j LJ Tj m — i m—j ^ 

m"' m m ’’ m 

We easily see that .. d. —is non-zero in 

m( 2 +_ 7 —mj 1 —x 

Q\uy^nuy^) 


H^r(^i,Q) = 


K -u; 2 -df\u;,e Hi(tk«), / G ff0(17« n U^^)} 


[x]dx + Qiydi] (7^ + d{Q[x, 7^1]) 
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since Res3;=ij^ 7^ 0. Hence the assertion is clear. □ 

i fj2 — 

By Lemma [U and ([8]), the monomial relations - ™ ^ G Q in Lemma [5] 

imply the algebraicity of Stark units over the rational number held. Namely, we have the 
following Corollary. 

Corollary 1. (Alg') for F = Q holds true. That is, we have 

(a)eQ (a G Gal(Q(U+/Q)). 


By Lemma|l]-(ii),Lemma[5]and + m “ 

we can write 


\ m.' m.-' V 


m—t m—j 
m ’ m ^ 


{2711) 


_ /-I _ J_ _ J_\* ^m ’ m' ^ m ’ m ' 

\ m m) 


271 i 


mod /ic 


(32) 


in both cases: {p,rn) = 1 or p > 2, p \ m, {p,ij{i + j)) = 1- Therefore Lemma [5] and 
imply not only B{^, i)B{^, ^)7r-i G Q, but also ^){2m)-^ G 

Finally in this section, we derive (Rec') mod/ioo in the case of F = Q from Theorem 

-i rn-j \ _ 

m! 


|3l By Lemma |l]-(i) and = !> we see that Theorem [3] implies 


«>.(«(*. ^ ^(i))»(^(==F). T(^)) mod (r e w,) 

in both cases. Besides, we have (13^ . $cris((27ri)p) = p{27ii)p, and is r-semi linear, so 
we get 


(1 


1—2 m—j' 


m m 




TT 


= modpoo (r G IT^). 


TT 


Hence we obtain the desired formula r(MQ(cr)) = MQ(rcr) mod poo for r G Wp by ([I]) and 


Lemma [U Since we can vary p and the embedding 
for any r G Gal(Q/Q). Namely, 




3, the same formula is valid 


Corollary 2. (Rec') for F = Q holds true up to multiplication by a root of unity. That 
is, we have 


Tiuniu 


)) = uqiTa) mod Po 


(a G Gal(Q(U+/Q),r G Gal(Q/Q)). 
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